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Abstract 

The Ding-Iohara algebra [15] [16] [17] is a quantum algebra arising from the free 
field realization of the Macdonald operator. Starting from the elliptic kernel function 
introduced by Komori, Noumi and Shiraishi [18], we can define an elliptic analog of 
the Ding-Iohara algebra. The free field realization of the elliptic Macdonald operator 
is also constructed. 
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Notations. In this paper, we use the following symbols. 
Z : The set of integers, Z>o := {0, 1, 2, ■ ■ ■ }, Z>o := {1, 2, ■ ■ ■ }, 

Q : The set of rational numbers, Q(i?,t) : The field of rational functions of q, t over Q, 

C : The set of complex numbers, := C\ {0}, 

C[[z, z^'^]] '■ The set of formal power series of z, z~^ over C, 

The g-infinite product : {x\ q)oo ■ = TT(1 - (|g| < 1), (x; q)n : = /^'^V {n G Z), 

„>o 

The theta function : 0p(x) := {p;p)ooix;p)ooipx'~^;p)oo, 
The double infinite product : (x; q,p)oo '■= W (1 — xq'^p"'), 

m,n>0 

The elliptic gamma function : r„„(x) := j_5VP)oo^ 

{x;q,P)oo 

For the theta function and the elliptic gamma function, the following relations hold. 

Qp{x) = —xQp{x^^), Qp{px) = —x^^Qp{x), 

{p;p)oo (g;g)oo 



1 Introduction 

The aims of this paper are to introduce an elliptic analog of the Ding-Iohara algebra and to 
construct the free field realization of the elliptic Macdonald operator. We accomplish them 
by starting from the elliptic kernel function defined below. Let us explain backgrounds 
and some motivations. 

The relation between quantum algebras and the Macdonald symmetric functions has 
been studied by several authors. In these works, one of the most remarkable work is the 
construction of the g-Virasoro algebra and the q-WN algebra by Awata, Odake, Kubo, 
and Shiraishi [10] [11] [12]. It is known that the singular vectors of the Virasoro algebra 
and the Wn algebra correspond to the Jack symmetric functions [8]. On the other hand, 
the Macdonald symmetric functions are g-analog of the Jack symmetric functions [2] [3]. 
Then Awata, Odake, Kubo, and Shiraishi constructed the g- Virasoro algebra and the 
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q-Wn algebra whose singular vectors correspond to the Macdonald symmetric functions : 

g-Virasoro algebra, q-W^ algebra ^'"S"'^'' vector^ Macdonald symmetric functions 
't^ q'-deformation 'l^ g-deformation 

Virasoro algebra, Wn algebra smguiax vector^ Jack symmetric functions 

In the middle of 2000's, another stream occurs from the free field realization of the 
Macdonald operator. The Macdonald operator HN{q,t) {N e Z>o) is defined by 

HN{q, t) =^Yl ^^ Tg^xi {Tq,xJ{xi, ■■■ ,Xn):= f{xi, ■■■ , qxi, • ■ ■ , Xn)) (1.1) 
i=i j^i 

and the free field realization of the Macdonald operator tells us that we can reproduce 
the operator by boson operators. As we will see in section 2, the free field realization of 
the Macdonald operator is based on the form of the kernel function defined by 

It has been realized that from the free field realization of the Macdonald operator, a certain 
quantum algebra arises, the Ding-Iohara algebra [15] [16] [17]. Recently this algebra has 
been applied to several materials of mathematical physics, such as the AGT conjecture 
[19] [20] [21], as well as the refined topological vertex which is used to calculate amplitudes 
and partition functions in the topological string theory [22]. 

On the other hand, in the elliptic theory side it is well-known that the Macdonald 
operator allows the elliptic analog defined by [1], 

as well as the kernel function for this operator introduced by Komori, Noumi, and Shiraishi 
[181: 



Since the free field realization of the Macdonald operator is available, that the above op- 
erator (1.3) can be derived from the free field realization will be a natural expect. In [17], 
Feigin, Hashizume, Hoshino, Shiraishi, Yanagida constructed the free field realization of 
the eUiptic Macdonald operator and an elliptic analog of the Ding-Iohara algebra based 
on the idea of the quasi-Hopf twist. It is crucial that the authors of [17] noticed if one 
want to treat the elliptic Macdonald operator in the context of the free field realization, 
the Ding-Iohara algebra should become elliptic. However it is not clear whether the ma- 
terials treated in [17] have connections to the elliptic kernel function. Hence the following 
problem remained open : 

Construct the free field realization of the elliptic Macdonald operator i^iv(g, t,p) 
and the eUiptic Ding-Iohara algebra which have connections to the elliptic ker- 
nel function Il{q,t,p){x,y). 
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1 INTRODUCTION 



Our strategy to solve the above problem is the following. Since the free field realization 
of the Macdonald operator is based on the form of the kernel function, it is plausible that 
one can construct the free field realization of the elliptic Macdonald operator from the 
elliptic kernel function. It turns out this leads to another eUiptic analog of the Ding-Iohara 
algebra : 

EUiptic Macdonald operator free field realization ! Elliptic Ding-Iohcira algebra 

HN(q,t,p) 



elliptic deformation 



U(q,t,p) 
elliptic deformation ! 



Macdonald operator Hj^{q^t) — tux. luid i(-a.iiza.huii — ^ Ding-Iohara algebra U{q,t) 

Our main results are as follows. 

Definition 1.1 (Definition 3.9 in section 3) (Elliptic Ding-Iohcira algebra L{{q,t,p)). 
Let us define the structure function gp{x) by 

_ Qp{qx)Qp(t~^x)Qp{q^Hx) 

^^^"^^ ep{q-^x)ep{tx)ep{qt-^xy 

Here we have used the notation in page 2, and assume |g| < 1, \p\ < 1. We define the ellip- 
tic Ding-Iohara algebra W(g, t,p) to be the associative C-algebra generated by {x^{p)}nez, 
{'4'niP)}nez and 7 subject to the following relation : we set 7 as the central, invertible 
element and currents to be a;^(p; z) := J2nez^nip)^~'^y ''P^ip'^ '■= Xlnez "^n 

[^p^{p\z),ip^{p\w)] = 0, ip^{p\z)ip-{p\w) = — ^ — ——-i)-{p\w)'4)^{p]z), 
(p; z)x^ {p;w) = Qp (7"^^ x'^ (p; w)^)^ (p; z) , 

il^'^{p]z)x'{p]w) x~(p;w)ijj^(p;z), 

V w/ 

x^{p;z)x^{p;w) = gp(—) x^{p;w)x'^{p;z), 



w 



[x^ip;z),x-ip;w)] = ^^^^^^^^ 

where we set the delta function 6{z) := J^nez^"'- 

The free field realization of the elliptic Ding-Iohara algebra W(g, t,p) is constructed as 
follows. First for the theta function Qp{x) one can check the following : 



QJx) y 1 — X. 



On the other hand, we can rewrite 1 — x and Qp{x) as follows : 

1 — X — exp ^log(l — x)^ — exp ( — ^ — j {\x\ < 1), 

^ n>0 ^ ^ 

Qp{x) = ip;p)ooix;p)oo{px~^;p)oo 

= (p;p)ooexp (^log(a;;p)oo(pa;"^;p)oo) 

= (p;p)^exp f - Yl ) ( - Z 13^77 ) (1^1 < 1^1 < 
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Prom these expressions, one can notice a procedure of the eUiptic deformation as follows : 
- X - exp - ^ — J elliptic ''''^ V ^ ^"""^Kt^o ^-P""^) 

deformation 

(p;p)oo' 

We can also recognize the above process as follows : 

(1) Take the substitution as 1 — x — exp ( — — j — )■ exp ( — Y~~~^~) ' 

^ n>0 ^ ^ ^ n>0 ^ ^ 

(2) Multiply the above by the negative power part of x as 

As is shown in this paper, for boson operators the procedure of the elliptic deformation 
similar to the above process is available (for example, see the proposition 3.1 in section 3 or 
the definition 5.1 in section 5). Using two sets of boson generators, we can reproduce the 
thcta function and the elliptic gamma function from OPE (Operator Product Expansion) 
of boson operators. Consequently, we have the following. 

Theorem 1.2 (Theorem 3.8 in section 3) (Free field realization of the elliptic 
Ding-Iohcira algebra U{q,t,p)). Let us define an algebra Ba,b of bosons : it is generated 
by a — {an}n^z\{o}, b — {bn}nez\{o} with the following relations : 



I I 1 - gl'"' 1 -plH 1 - 

[am, an] = m(l - p\"'\)j—^Sm+n,0, [bm, &n] = mj^p^-^^j—^Sm+n,0, 

[am: K] ^ 0. 



We define the boson Fock space T to be the left Ba,b module generated by the vacuum 
vector |0) which satisfies an.|0) = 6„|0) = (n > 0) : 

T = span{a-\b-^\Q) : X,iJ, e V}, 

where V denotes the set of partitions and a_x ■= «-Ai • • • <^'-a^(>^) for a partition A. Set 
7 •= iqt~^)~^/'^ and define operators r]{p;z), ^{p;z), (p^{p;z) : F ^ F ® C[[2;,2;~^]] as 
follows : 



ip-^{p] z) r/(p; 7^^^^)^(p; T'^''^z) :, (/?~(p; z) r]{p; -f~^^^z)^(p; -f^^^z) 
Then the map defined by 

x^{p;z) ^ r){p;z), x~{p; z) ^ ^{p; z), i/j^{p; z) ^ (p^{p; z) 
gives a representation of the elliptic Ding-Iohara algebra U{q,t,p). 



6 2 A REVIEW OF THE TRIGONOMETRIC CASE 

Theorem 1.3 (Theorem 4.4 in section 4) (Free field realization of the elliptic Mac- 

donald operator). Let 4>{p; z) : T ^ T <S> C[[z, z~^]] be an operator defined as 

(1 - t")(i;t-'p)\ 1-f" z"\ 

^(p; .) := exp g (1 _ (1 _ ( E (1 - r)(l - P")""" » j ' 



r/ien i/ie operator ri{p; z) in the Theorem 1.2 and the operator 4>{p; z) reproduce the elliptic 
Macdonald operator Hi\f{q,t,p) as follows : 



N 



[rj{p;z)-t ^{■q{p-z))-{ri{p-p ^2;))+]i JJ 0(p; a;j)|0) 



TV 



= —r^^^H^ {q, t,p)l[<j>{p; X,) 1 0) , 
where {r]{p; z))± stands for the plus and minus parts of f]{p; z) respectively as 

{r){p; z))^ = exp ( - ^ T^^^'^'^-Tt) ( " E I^"'^ V) 

^ ±n>0 ^ ^ ±n>0 ^ 

anc? [/(-2)]i denotes the constant term of f{z) in z. 
Organization of this paper. 

This paper is organized as follows. In section 2, we give a review of the trigonometric 
case. In section 3, we show how we can obtain the elliptic Ding-Iohara algebra. First, we 
define the elliptic kernel function introduced by Komori, Noumi and Shiraishi [18]. This 
is regarded as an important function to construct an elliptic analog of the Macdonald 
symmetric functions. Second, from the elliptic kernel function, we define elliptic currents 
denoted by r]{p; z), ^(p; z), and (p; z) which satisfy elliptic deformed relations of Ding- 
Iohara algebra's. Consequently, we can define the eUiptic Ding-Iohara algebra U{q,t,p). 

In section 4, to clarify whether the elliptic Macdonald operator can be represented by 
ri{p] z), wc study relations between the elliptic current r]{p; z) and the elliptic Macdonald 
operator. We derive the free field realization for the elliptic Macdonald operator in the 
form of the Theorem 1.3. 

In section 5, some observations and remarks are given, and section 6 is appendix which 
contains proofs of Wick's theorem, Ramanujan's summation formula, the formula of the 
partial fraction expansion involving the theta functions. 



2 A review of the trigonometric case 

In this section, before considering the elliptic case we review some materials which con- 
struct backgrounds of this paper ; the Macdonald symmetric functions, the free field 
realization of the Macdonald operator, and the Ding-Iohara algebra. 

2.1 Macdonald symmetric functions 

First, we give some notations of symmetric polynomials and symmetric functions [2] [3] [14] . 
Let q,t e C be parameters and assume |g| < 1. We denote the A'"-th symmetric group 



2.1 Macdonald symmetric functions 
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by &N and set Ai\f{q,t) := Q{q,t)[xi, ■ ■ ■ ,xn]'^^ as the space of A^-variables symmetric 
polynomials over Q(g,t). If a sequence A = (Ai. • • • , Ajv) G (Z>o)^ satisfies the condition 
\ > ^i+i (1 < Vi < A^), A is called a partition. We denote the set of partitions by V. For 
a partition A, i{X) := tl{i : Aj 7^ 0} denotes the length of A, and |A| := Yli=i denotes 
the size of A. 

For a — (cci, • • • , un) G (Z>o)^, we set x" := x"^ ■ ■ • x%^ . For a partition A, we define 
the monomial symmetric polynomial m.x{x) as follows : 



a : a is a permutation of A 



As is well-known, {m\{x)}\Q-p form a basis of AN{q,t). Let Pn{x) := a;^ (n G Z>o) 
be the power sum and for a partition A, we define px{x) :— px^ix) ■ ■ -px^^^yix). 
Let p^'^'^ ■ AN+iiQ^t) — >■ A7v(?, i) be the homomorphism defined by 

(P7v'^V)(a;i, ■■■ ,xn) ■■= fixi, ■■■ ,xn,0) (/ G A7v+i(g,t)). 

Let us define the ring of symmetric functions A{q, t) as the projective limit defined by 



N>1 



A{q,t) :=hmAjv(g,t). 

It is known that {px{x)}xev form a basis of A(g, t). We define nx{a) :— '^{i : A^ = 0} and 
zx, zx{q,t) as 



zx := n«"^^"^^A(a)!, zx{q,t) :^ zxHj-^ 



1-q' 

a>l i=l 

Then we define an inner product {,)q,t as follows : 

{P\{x),Pi_^(x))q,t = 5x^zx(q,t). (2.1) 
We define the kernel function Il{q,t){x,y) as follows : 

(tXiV^q), 

Then we have the following. 

Y] } .^ P\{x)p\{y) =Il{q,t){x,y). 

Remcirk 2.1. Assume that ux{x), vx{x) (A e V) are homogeneous symmetric functions 
whose degree are |A|, and {ux{x)}xev and {vx{x)}xer form a basis of A{q,t) respectively. 
Then the following holds : 

{ux{x)}xev and {vx{x)}xev are dual basis under the inner product ( , )q^f 
{ux{x)}x&v and {vx{x)}x(^v satisfy the relation ^ux{x)vx{y) = Il{q,t){x,y). 

Due to this fact, the form of the inner product {■i)q,t is determined by the form of the 
kernel function n(g, y). 
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The Macdonald symmetric functions are g-analog of the Schur symmetric functions 
and the Jack symmetric functions. The existence of the Macdonald symmetric functions 
due to Macdonald is stated as follows [2] [3] [14]. We define the order in V as follows : 

A > // <(=^ |A| = \fj,\ and for alH, Ai + • • • + Aj > //i + • — h //j. 

Theorem 2.2 (Existence theorem of the Macdonald symmetric functions). For 

each partition X, a symmetric function Px{x) e A(g, t) satisfying the following conditions 
uniquely exists. 

(1) Pa(^) = $^«Am^^(^) {ux^^Q{q,t)), (2.3) 

(2) \^^^{P,(x),P,ix)),,t = 0. (2.4) 

Remark 2.3. Set (A)^ ^ := {P\{x) , Px{x)) g^f Then the Macdonald symmetric functions 
satisfy the following relation. 



E7T^^A(a;)PA(y) = n(g,t)(a;,y). 
This means that {Px{x)}x^p form a basis of A{q,t). 



For the Macdonald symmetric function Px{x), we define the iV- variable symmetric 
polynomial Px{xi, ■ ■ ■ , xn) as Px{xi, ■ ■ ■ , x^) := Px{xi, • • • , xn, 0, 0, • • • ). We call it the 
A^-variables Macdonald polynomials. We set the g-shift operator by 

Tq,xJ{xi, • • • , xjv) := /(xi, • • • , qxi, ■■■ ,Xn) 

and define the Macdonald operator H^iq^t) : AN{q,t) — >■ AN{q,t) as follows : 

HN{q,t):=f:ilf^T,,x^- (2-5) 

Proposition 2.4. (1) For each partition A (^(A) < N), Px{xi, ■ ■ ■ ,xn) is an eigen func- 
tion of the Macdonald operator : 

N 

HN{q,t)Px{x,,--- ,XN) = eN{X)Px{xi,--- ,Xn), £iv(A) := ^ (2.6) 

i=l 

(2) The kernel function n(g, t)(a;, |/) and the Macdonald operator HN{q,t) satisfy 

HN{q,t)xU{q,t){xi, ■■■ , Xiv,yi, • • • ,yjv) = HN{q,t)yU{q,t){xi, ■■■ ,Xiv,yi, • • • ^Vn)- 

(2.7) 

Here we set Hisf{q,t)x, HN{q,t)y as 

. , ... -t-i -t-j ■ T ■_L- yi yj 

1=1 Jf=l ■' 1=1 J^l ■' 



2.2 Free Geld realization of the Macdonald operator 
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2.2 Free field realization of the Macdonald operator 

In this subsection, we show the free field reahzation of the Macdonald operator [14]. In 
the following, let g, t G C be parameters and we assume \q\ < 1. First we define the 
algebra B of boson to be generated by {an}nez\{o} and the relation : 

1 _ qM 

[am, an] = ?^ _ ^1^1 Sm+n,Q- (2-8) 



We set the normal ordering : • : as 



a„a„ (m < n), 
OnOm (m>n). 



Let |0) be the vacuum vector which satisfies a„|0) = (n > 0). For a partition A, we set 
a_A := O-Ai • • • fl-A£(x) aiid define the boson Fock space as a left B module : 

T := span{a-A|0) -.XeV}. 

We set the dual vacuum vector (0| which satisfies {0\an = (n < 0). Similar to the 
definition of J^, we define the dual boson Fock space T*, as a right B module : 

J"* := span{(0|aA : A e {ax oai • • • ax^^^.^). 

Let us define a bihnear form (•!•) : T* x — > C by the following conditions. 

(1) (0|0) = 1, (2) {0\axa_^\0) = SxM^^t)- 

Remark 2.5. It is clear that the bilinear form defined above corresponds to the inner 
product (,)g,t in (2.1). Therefore the relation (2.8) is determined by the inner product 
( , )q^fi or equivalently, by the form of the kernel function n(q', t)(a::, y). 

To reproduce the Macdonald operator from a boson operator, let us define an operator 
r]{z) : F ^ C[[z, as 

r){z) exp ( - ^^(1 - r)a„— ] : . (2.9) 

We can check that ri{z) satisfies the relation (which is proved in Appendix A) : 

, , , , (1 — w I z){l — qt~^w / z) , . , . , . 

''M''W= (i-W.)(i-r.4r '''''^''''"^" ''-'"^ 

The boson algebra B can be reahzed by the power sum Pn{x) e KN{q,t) as follows. 

1 - d 

^n^n- — , a-n^Pn{x) (n>0). 

1 - dpn[x) 

Under this realization of B, we can represent the Macdonald operator by using 'r]{z). First, 
the relation Tg^xiPn{x) = {q"' — l)x^ + Pn{x) holds, hence we have the following : 

T,,.. = exp ( J](g" - ^Kq^) = iviz)h L=.-, (2.11) 
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2 A REVIEW OF THE TRIGONOMETRIC CASE 



where we use e°'<i^ f{x) = f{x + a). Here and in what foUows, we denote the plus and 
minus parts of operators by (•)+, (•)-, respectively. For example, 



{r]{z)U = exp ( - ^(1 - nan'— ] , {v{z))- = exp ( - ^^(1 - T) 



n>0 



n<0 



n 



/dz 
. f{z) denotes the constant term of f{z) in z. Prom 

(2.11), we have the following. 

Proposition 2.6 (Free field realization of the Macdonald operator). The Mac- 
donald operator H]\f{q,t) is represented by the operator rj{z) as follows : 



[rj{z)],^t-''{{t-l)Hr,{q,t) + l}. 



(2.12) 



Proof. First we can check the following partial fraction expansion (which is proved in 
Appendix B) : 



-p-r 1 t ^XiZ 1 t \ 1 t ^ XiZ T— I- tXi Xj 

(r7(^))_ = II ^— -— = ^— — ^— -— II — -— 

1=1 1=1 j^i ■' 

Let us recall the formal expression of the delta function 

8{x) = y = ^— + 

^ ' ^ \-x 1-x-i' 
nez 



(2.13) 



which should be recognized as the expression as the Sato hyperfunction [5] . Then we have 



(7^(^))_ = r^(i - 1) n ^^^^?>{xiz) + ^ ^ ' ^"^^ 

1=1 j^i J 



1 — fc ■^-^ i. — I Z T— r LXi — 

^ 1 - x-^z-^ ^} 1^ 

1=1 ' 



I Xj 



N 



i=l j^i * 1 i=l 



N 



1 — tX: Z 



1^-1 



-1 _1 ' 

x, z ^ 



where we used the formula of the partial fraction expansion again. We also have 



r]{z) = {r]{z))^{r]{z))^ 

N 



N 



T ■ , ■ -^i j „ 1 Xi /C, 



i=l 



where we use {r]{z))+\^^^-i — Tg^^. in (2.11). By the equation 



N 



,1=1 



N 



,1=1 



X, z 



1 (••• [/(^)]l = [/(^-')]l), 



we have (2.12). □ 



2.2 Free Geld realization of the Macdonald operator 
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The Macdonald operator H^^q ^) can be also represented by a boson operator as 
follows. We set ^{z) : T ^ T ® C[[z, z'^]] as 



:=: exp ^^(l - r)7l"la„— : (7 := {qrY'^'). (2.14) 



Proposition 2.7. The Macdonald operator H]\f{q ^,t ^) is represented by the operator 
$,{z) as follows : 

= i^{(r ^ - l)Hj,{q-\ t-') + 1}. (2.15) 

Let us give another way of the free field realization of the Macdonald operator [17]. 
Define an operator (f){z) : JF ^ T ® C[[z, z~^]] as follows : 

(1 -j-n \ 

T.Y^n--n-)- (2-16) 
n>0 ^ ^ 



Then we can check the relations. 



1 — w / z 

r){z)(t>{w) = : r]{z)(t>{w) :, : 77(iz)0(z) : |0) = (f)iqz)\0), 

e(^)0(^) = •■ e(^)0(^) : ^bzmz) : |0) = cj>{q-' z)\0) . 

They are shown in the following way. By Wick's theorem we have 

v{z)Hw) = exp f - J](l - Hy—^ ■ ' .4 ) = ^^^)'^(^) = 

^ m>0 ^ ^ 

= exp ( - 5^(1 - ^'")^^^) : ^(^)'/'(«^) : 
: r\{z)<\>{w) :, 



m>0 

1 — w/z 



1 — iw/^ 

i{z),^{w) = exp f J](l - r)7"^^^^) : e(^)0(«^) = 

^ m>0 ^ 

1 -t-iw/z 

: C(^)0(«^) 



1 — 71/; / z 

where we use log(l — x) — — — (|a;| < 1). The rest equations follow from simple 

n>0 

calculations. 

Let us define an operator V{xi, ■ ■ ■ , a; at) = V{x) : ^ ® ^n{<1, t) as follows : 

V{x) := exp ( J2 l^a/-^) (p^{x) = f • (2-17) 

^ n>0 ^ ^ \ 1=1/ 

We can check that the map {0\V{x) : T — )■ AN{q,t) {\v) ^-> {0\V{x)\v)) gives an isomor- 
phism T ~ Ajv(?, i). We also have (0|y(a;) njLi^(%)|0) — n(q', i)(x, y). In this way we 
can identify the vector Y[f=i 0(yj)|O) ^ the kernel function n(g', i)(x, y). 
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2 A REVIEW OF THE TRIGONOMETRIC CASE 



Proposition 2.8. Constant terms ofr]{z), ^{z) act on Y[j^=i^i^j)\^) as follows : 

N N 

[77(^)]i n</'(^.-)|0) = - l)/^iv(?,i) + 1} n'^(^.-)IO), 

3=1 j=l 
N N 

mhU^^ixM = t'^iit-' - l)H^iq-\t-') + l}l[<P{x,)\0). 

j=i j=i 

Proof. Here we show (2.18). Prom the relation of ri{z) and (f){z), we have 



(2.18) 
(2.19) 



N 



N 



N 



rj{z) n H^j) = n r^z '• "^^'^ n ^(^^o = ■ 
j=i i=i j=i 



By the formula of the partial fraction expansion, we have the following : 



N 



nl — Xi/ Z 1 — t ^ — > 1 — t ^tXij Z 1 — r tXi — Xj 

1 - tXi/z ~ l-t^^ l-tXi/z ^\ Xi - 

1=1 ' 1=1 ' i^i 



Furthermore, we use the formal expression of the delta function S{x) 



1 



5(x) = yx" = — ^ + - 

^ ^ ^ l-x 1 



X 



neZ 



x~ 



Then we have 

^ -I / 

i=l 



tXi/z 



^ E(i - t-^tx./z)U(t^-) - '"T\ ] IT 

l-t^^^ ^\\ zJ l-t-^x;^zS Xi-Xj 

N I 



1 j^i 



1 - Z/Xj 

^zjxi 



By this equation, the following holds : 



AT 



w)vW4>{x,m 
j=i 



-N 



• 1 Xi Xj 



ii i^ j!i (^(^))- 



.1=1 



t ^z/xi 



N 



ij j=i 



N 



-DEE 



N 



N 



J j=i 

N 

I A\( nT' . 



j=i 



= t-''{{t-l)HM{q,t) + l}l[<P{x 
where we use the equation 



N 



.1=1 



= 1. 



The proof of (2.19) is similar to the above, thus we omit it. □ 



2. 3 Ding-Iohara algebra U{q^t) 



13 



Remcirk 2.9. Let us recall that the kernel function n(g,t)(x,|/) determines the form 
of the relation (2.8). Therefore we can understand that the free field realization of the 
Macdonald operator is based on the form of the kernel function Il{q, t){x, y). 



2.3 Ding-Iohara algebra U{q,t) 

As is seen in the previous subsection, we can represent the Macdonald operator by using 
r]{z), By Wick's theorem, we can show the following. 

Proposition 2.10 (Relations of r]{z), ^(z) and ip'^{z)). Set 7 = {qt~^)~^^'^ and let us 
define operators '^'^{z) : ^ ® C[[z, z^^\\ as 

^+{z) :=: Vi^'^'znr'^h) :, ^-{z) :=: vir'^'z^^'^'z) : . (2.20) 

We set the structure function g{x) as 

n(r) - i^-Q^)i^-t-'x){l-q-Hx) 

^^^^ - _ _ _ ■ l^-^iJ 

Then operators r){z), ^{z) and (fi'^iz) enjoy the following relations. 

[cp^{z),cp^{w)] = 0, ^+{z)^-{w) = fl'J''\ v-{w)^Hz), 

g{-f ^z/w) 

Lp^{z)ri{w) = g(^j^-^^^ri{w)ifi^{z), ifi'^{z)^{w) = dl^l'^''^) ^{w)^'^iz), 
r){z)r){w) ^ g(^^^r){w)r){z), ^{z)C{w) ^ g(^^^ Ciw)Ciz), 



7!^^,:/''H <7f )^^(y^-^^) -<7--f )^-(7--^-^o)}. (2.22) 

Remcirk 2.11. (1) In section 3, we will prove an elliptic version of the proposition 2.10. 

Therefore we omit the proof of the proposition 2.10. 

(2) As [y9''=(z)]i = 1, this leads that [[r7(z)]i, ['C('^)]i] = 0. The equation corresponds to 
the commutativity of the Macdonald operators : [H]\f{q,t), H]\f{q^^ ,t~^)] = 0. 

It is important that these relations (2.22) arc similar to the relations of the Drinfeld 
realization of Uq^sh) [6] [7]. By this fact, we can understand (2.22) as a kind of quantum 
group structure. By this way, we can define the Ding-Iohara algebra U{q,t) as follows 
[17]. 

Definition 2.12 (Ding-Ioheira algebra U{q,t)). Let g{x) be the same function defined 
by (2.21). Let 7 be the central, invertible element and set currents x^{z) :— X^nez^n-^ "' 
ip^{z) :— X^nezV'n-^"" satisfying the relations : 

[^^{z),,p^iw)] = 0, ^^iz)rH = f'''J".\ riw)^^{z), 

g{-f ^z/w) 



'il)^{z)x'^{w) = g (^^^—^ x'^{w)iIj^{z), iIj^{z)x {w) = g (^"^ x {w)iIj'^{z), 

x^{z)x'^{w) — g y~j x'^{w)x^{z), 
[x^z),x-{w)] = ^^7!^\:r'U ^(7f)^^(7^/M-<7-^f)r(7-^/^^)}- (2.23) 
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Then wc define the Ding-Iohara algebra U{q, t) to be the associative C-algebra generated 
by {x^}„gz, {V'n }nez and 7 with the above relations. 

Due to the proposition 2.10, the map 

gives a representation of the Ding-Iohara algebra (the free field reahzation) . 

Renicirk 2.13. It is known that U{q, t) has the coproduct A : U{q, t) — )■ U{q, t) ®U{q, t) 
defined as follows [17] : 

A(7±^) = 7^' ® A(^±(z)) = ^±(7(t;^'^) ® 

A(a;+(2)) = (g) 1 + i)' z) ® ^+(7(1)^), 

A(x-(z)) = x-{-fi2)z) ® i^^illi^z) + 1 (g) x-{z). (2.24) 
Here we define 7(1) 7 (8) 1, 7(2) := 1 8) 7. 

3 Elliptic Ding-Iohara algebra 

In this section, we are going to show that : 1) Prom the elliptic kernel function we can 
construct elliptic currents, 2) From relations among the elliptic currents satisfy, an elliptic 
analog of the Ding-Iohara algebra arises. 

In the following, we use parameters g, t,p e C which satisfy \q\ < 1, \p\ < 1. 

3.1 Kernel function introduced by Komori, Noumi and Shiraishi 

The elliptic kernel function introduced by Komori, Noumi and Shiraishi [18] is defined as 



As TqJx) y {x;q)^, the elliptic kernel function degenerates to Il{q,t){x,y) in the 

limit p ^ : 



Il{q,t,p){x,y) — > Iliq,t){x,y) = J] 



Remark 3.1. In the paper [18], it is shown that the elliptic kernel function Il{q, t,p){x, y) 
and the elliptic Macdonald operator HN{q,t,p) in (1.3) satisfy the following relation : 

HN{q,t,p)x^(q,t,p)(xi, - ■ ■ ,XN,yi,--- .Vn) ^ HN(q,t,p)yU(q,t,p)(xi, ■ ■ ■ ,Xjv,yi,--- ,yiv). 

We can check the expression of Tq^p{x) : 

,A^) - exp 1^ ^ _ ^^^^^ _ ^ J exp ^ _ ^^^^^ _ ^ 



3.2 Operator (f){p] z) and elliptic currents r]{p; z), ^{p; z) and (p'^ip; z) 
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Then we can rewrite 11(5, t,p){x, y) by using power sums as 

:i-r)(grV)"Pn(^K(y)~ 



U{q,t, p) {x, y) = exp ( 2^ q _ _ 

^ n>0 ^ ^ 



1 - r Pn{x)Pn{y) 

^ n>0 ^ 



exp EtT-^T^ ^/W^AHy; . (3.2) 

V ^ fl - g")(l -p**) n I ^ ' 



Here := X]i=i " ('^ ^ Z>o) denotes the negative power sum, and for a partition 

A, set Pa(^) '■— PAi(^) • • 'P\e{\)^)- We also define 

Then we can expand n(g, t,p)(a;, |/) as the following form : 

mt,pK.,y) = g_^p,(5)p,(j,,g_^p„(.)p„(,). (3.4) 

3.2 Operator 2;) and elliptic currents r]{p; z), ^{p; z) and Lp^{p] z) 

Here in this subsection we are going to define the elliptic currents and study their prop- 
erties. Keeping the expression of n(g, t,p)(a;, as (3.4) in mind, we introduce an algebra 
Ba,b of bosons generated by {an}nez\{o}) {^n}nez\{o} and the following relations : 

1 _ glH I _p\m\ I _ q\m\ 

[am.an] = m(l -p'"^I)y37h'^"^+"'°' [^"^'^"^ = (gt-ip)H 1 - '^"'+"-°' 

[am, hn] = 0. (3.5) 

As in the trigonometric case, let |0) be the vacuum vector which satisfies the conditions 
a„|0) = 6„|0) = (n > 0) and set the boson Fock space as a left Ba,b module : 

JF :— span{a_A&-;i|0) : \,n & V}. (3.6) 

The dual vacuum vector (0| is defined by the conditions {0\an = (0|6„ = (n < 0) and we 
set the dual boson Fock space J^* as a right Ba,b module : 

:= span{(0|aA6^ : A, e V}. (3.7) 

We define a bilinear form (•!•) : J"* x J" — > C by the following conditions. 

(1) (0|0) = 1, (2) (0|aAi6A2a-w^-M2|0) = Sx,i,,Sx2i,2Zx,{q,t,p)zx^{q,t,p). 
We also define the normal ordering : • : as usual : 



Qman {m<n), ] b„Ai {m<n), 



anttm {m>n), \bnbm {m>n). 
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Remark 3.2. The above defined algebra of bosons leads to consider the space of sym- 
metric functions A]\f{q,t,p) := spaji{px{x)p^{x) : \, fi E V}. But it is not clear whether 
an elliptic analog of the Macdonald symmetric functions live in Ai^{q,t,p). 

Let us define operators z) : T ^ T <S> C[[z, z~^]] and Vp{x) : F ^ F ® Aiq{q,t,p) 
as follows : 

p; z) := exp J] \- -^^—^h_^ e^P E 71 ^Tn ' ^-S 



I ^ (i-r)(gt-Vf ^ pnix)\ 1-r pnix 



(3.9) 



Then we have 

N 

{0\Vp{x)Y[(l){p;yj)\0) ^ U{q,t,p){xi, ■ ■ ■ ,XN,yi,--- .Vn)- (3.10) 

i=i 

We can check this. First we have 
Vp{x)(t){p] y) 



1 - f^){qt-^p)'^ (1 - t'^){qt-^p)'^ 1-p^ 1 - q'^pm{x)y-'^ 



— exp > — r— ^ -. r-. ^ • m 



m>0 



X 



(1 - gf"^)(l -p"*) (1 - ?"^)(1 -p"^) (^^-V)"" 1 - ^"^ 



l-f" l-f" 
exp > jz TT- TT- TT- r-m(l-p 



l-t"^ m 

■ m>0 



X : Vpix)(f)ip;y) : 

— exp 



^ (1 - t"^)(grV)"^p^(x)y-^ \ ^^^^ /y^ 1-t"^ Pm(^)y^ 
;^Jl-g-)(l-p-) m y'^^'P V^Jl-g-)(l-p-) m 

X : Vp{x)4){p;y) : . 

By this equation and the expression of the kernel function (3.2), we have (3.10). We can 
also check the map (0|V^(a;) : J-" Aiv(g,t,p) (|f) i— )■ (0|V^(a;) |f )) gives an isomorphism 
T ANiq,t,p). 

As in the trigonometric case, we can represent the boson algebra Ba,b by power sums 
as follows. 

1 - d 

a„:=n(l-p")- — , a_„ := pn(x) (n > 0), (3.11) 

1 - 9p„(a;) 

^-^" (gt-^p)»l-t»c?p!(x) ' ^--^"(^) (->0)- (3.12) 

In this representation of Ba^b, let us construct an operator r){p; z) : ^ ® z~^^ 
which satisfies the conditions : 

1) L=.ri=7;,.„ 2) :rj{p;tz)(l>{p;z) : |0) = (/)(p; g^)|0). (3.13) 

These conditions are satisfied by the following operator, which we would like to call the 
elliptic current. 



3.2 Operator (f){p] z) and elliptic currents r]{p; z), ^{p; z) and (p'^ip; z) 
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Proposition 3.3 (Elliptic current r]{p;z)). Let r]{p; z) : T ^ T ® G^z,z he an 
operator defined as follows : 

Then we have 



i) r]{p;z) satisfies the conditions 1) and 2) in (3.13). 

ii) ri{p;z)ri{p;w) = ^^'f^ ^ ^}^^f.i^ • r]{p] z)r]{p]w) : , . 

Op{qw / z)Op{t ^w/z) \ bl < 1^ wiz\ < 1 



\p\ < \qw/z\ < 1, 

(3.15) 



Proof . i) In the representation (3.11), (3.12), we have 

/ _ ^-n 1 — 1 — d Z"'\ 

(rjip; z)U = - g T3^^"^ (^FWT^^ n J 

X exp -> n(l-p"-)- — —- — 

V 1 - ^ 1 - t'^ dpn{x) n J 



On the other hand, we have 

T,,.,Pn{x) = (?" - l)xf +Pn(2:), T,,,,p„(x) = (g-" - l)xr +p„(x). 

Since the space of symmetric functions A^lq, t,p) is generated by power sumsp„(x), Pn{x), 
the following is satisfied on Ajv(g,t,p) : 

T„, ^ .xp (gt,- - I).-»^) exp - l).r^). 



where we use e"-dx f{x) — f{x + a). Hence we have (r](p; z))+\^^^-i — Tq^xv 
Next we show 2) in (3.13) is satisfied. Then we have 

:rj{p;tz)(l){p;z) : |0) ^ {ri{p;tz))-(l){p; z)\0). 

Hence what we have to show is {ri{p; tz))_(f){p; z) = (f){p; qz). The proof of the relation is 
straightforward. Since the operator {r]{p] z))_ takes the form 

n>0 ^ ^ ^ n>0 ^ ^ 
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we have 



/ 1 _ f w 



(grV)"(l-r) _n, /v- 1-r „ 

-P ( E j exp ( E (l-,.)(l-p«)^ -"TT j 



n>0 \ ^ / V -r^ / / \ „>0 

Hp; qz). 



ii) By Wick's theorem, we have the following : 
r){p; z)rj{p\ w) 

= exp r V . ^ l-q-{zlwr \ 

V 1 - 1 - {qt-^p)"^ 1 - m{-m) ) 

X exp > ; mfl-p"")- — / X : nip; z)r)(p:w) : 



= exp ( - J] 



1 — »™ m 

m>0 ^ 



X 



^ m>0 ^ ^ 



^ (g Hpz/w;p)^{pz/w;p)oo{w/z;p)o^{qt ^w/z;p)oo _ ^ ^ _ 

{tpz/w;p)^{q-^pz/w;p)^{qw/z;p)oc{t-'^w/z;p)oo ' 

i3p{qw / z)i3p{t ^w/z) 

Since the relation (3.15) is an elliptic analog of the trigonometric case (2.10), we can 
understand ri{p; z) is an elliptic analog of ri{z). In the similar way, we can define an 
operator ^(p; z) : T ^ T <S> C[[z, z~^]] which is an elliptic analog of ^{z). 

Proposition 3.4 (Elliptic current ^{p'lZ)). Let ^{p; z) : ^ ® C[[z,z~'^]] he an 

operator defined as follows : 

E t4w^"'"''''"'''4 E r^M V»la„^;^ : . (3.16) 

Then ^(p; 2;) satisfies 

i) •■ 7^)0(P; z) : |0) = 0(p; q~^z)\0), or equivalently, (^(p; 7^))_0(p; z) = 0(p; g"^^). 



(3.17) 



ep(t^/^)e,(g-^t^/^) /jb|<|g-W^|<i, 

Qp{q I z)Qp{tw / z) I bl < \tw/z\ < 1 



(3.18) 



3.2 Operator (f){p] z) and elliptic currents r]{p; z), ^{p; z) and (p'^ip; z) 
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Proof . Since the proof of (3.17) is quite similar to the proof of i) in the proposition 3.1, 
we omit it. (3.18) is shown as follows : 

= ex f V -™ rr A-t"" -rn rn . ^ 1 - p"' 1 - {z/w)"' \ 

^^^V^l-p"*^ ^ 1-p"*^ ^ ^ (qt-^p)"^ 1 - t"" m(-m) J 

y ^-^7"'V^7" • m(l-p"') ' ^ ^ / \ : ^(p; ;2)e(p; w) : 



exp(-Vft-'")ft-'-"V<^/'°)' 



1 — p"* m 

m>0 



/ >^ (i-g"*)(i-r"^)(gO-"*(w/z)'"\ , 

Qp{w / z)Qp{q~Hw / z) 



Qp{q / z)Qp{tw / z) 



m>0 

•i{p\z)i{p]w): . □ 



As in the trigonometric case, it is natural to calculate a commutation relation between 
r]{p] z) and ^(p; z). For the calculation of [r]{p] -z), C(p; we need a lemma which gives 
a relation between the theta function Qp{x) and the delta function 5{x). 

Lemma 3.5. For the theta function Qp{x) and the delta function 5{x), the following 
relations are satisfied : 

^ +^^^-7Z^^i^)^ (3-19) 



Qp{x) %{x 1) (p;p)oo 



)oo 



This leads that 



Qp{x) Qp{px) {p;p) 

Proof. To prove the relation (3.19), let us recall the formal expression of the delta 
function as 

6{x)=j:x-^-^+ 



1 — X 1 — X ^ 
nez 



By this expression, we have the following : 
1 1 



Qp{x) {p;p)oo{x;p)^{px ^■,p)oo 
1 1 



{p;p)^{l - x){px;p)^{px i;p)oo 



(p;p)ooV 1- x-^J (px;p)oo(px-'^;p)c 
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The relation (3.20) is shown in the similar way : 

1 1 



Op{px) (p;p)oo(pa;;p)oo(a;-^p)oo 
1 1 



Six)- 



{p;p)oo{px;p)oo V 1-xJ {px 



By the subtraction (3.19) - (3.20), we have l/©p(px) = l/Qpix-^). □ 

Remark 3.6. The relation (3.19), (3.20) should be also recognized in the context of the 
Sato hyperfunction [5]. 

From this lemma, we can calculate [ri{p; z),^{p;w)] as follows. 

Proposition 3.7 (Commutator [rj{p; z),^{p;w)]). Let (p'^{p;z) : T ^ T ® C^z,z~^\[ 
he operators defined as 

cp+{p;z) :=: v{p;7'^'z)^{p;r'/^z) :, ^-{p;z) :=: v{p;r'^'z)^{p;^'/h) : . (3.22) 

Then the relation holds : 

(3.23) 

Proof. By Wick's theorem, we have the following : 

V{p;z)^{p;w) 

( ^ 1 - t-™ ,„ 1 - _^ ^ 1 _ 1 _ ^z/w) 



m>0 

X 



pm ^ i_pm I ^ {qt-^p)"^ 1 - m{-m) , 
exp f - y ^"^"'^"^""' 7'" ■ m(l - : ^(p; ^) 

V- (i-g"^)(i- 



(1 -g-)(i-r'") ^ ^(^/«;) 

^-^ 1 — jf^ m 

m>0 



(i-?-)(i-r-) ^(W-^)"^^ , ^ 

^ m>0 ^ ^ 



©p(7w/2;)©p(7 ^ly/z) 



3.2 Operator (f){p] z) and elliptic currents r]{p; z), ^{p; z) and (p'^ip; z) 
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'w)r)ip; z) 

= exp - > 7 ""p™- p^ ■ m-, r-^- — / , 

V 1 - p"^ 1 - p"* (gi-ip)"^ 1 - m{-m) J 

xexp - > ^7"*- ^-m l-p"^ — ^ ^ :r;p;2: : 

\ :^Q^~P l—p^ l — t^m{—m)J 



E 



exp 7. ; 7 P 



1 — m 

m>Q ^ 



m>0 

: r]{p]z)i{p]w) : . 



_ e,{ir,^l>r)Q,{<r'^-'z/iv) 

Qp{-fz/w)Qp{j-^z/w) 
Then we have 

[v{p; z),^{p;w)] 

Qpiq^w / z)Qp{q'^j'^w / z) Qp{q-fz/w)Qp{q-^j-^z/w 



Qp{^w/z)Qp{j ^w/z) Qp{jz/w)Qp{-i ^z/w) 



= ep{q^w/z)ep{q 7 w/z) 



1 {z/w) 



2 



Qp{-fw / z)Qp{-f ^w/z) Qp{-fz/w)Qp{-i ^z/w) 

X : V{p;z)^{p;w) : 



From the lemma 3.3, the following holds : 

1 x-^ 



ep{^x)Qp{^-^x) ep(7:r-i)0p(7-ix-i) 

1 'y~^x~'^ 1 1 ^^-^x^^ r 1 'jx^'^ 



ep(7x) ep(7-ia;-i) J 9^(7-10;) Qpi^-^x-') 1 6^(7-10:) ej,(7x-i 
^ '^(7a^)zr7rrr:x - ol j^^-n /^.^.s ^(7"'^:) 



0p(7 ^a;) ep(7 1) {p;p)l 
This leads that 

ep(g7x)ep(g~^7~^x) ep(g7x~^)ep(g~^7~^x~^) _ ep(g)ep(t~^) _i 

e,(7x)0,(7-ix) 0,(7x-i)e,(7-ix-i) (p;p)^e,(gt-i)^ ^^"^^ 

By this relation and the definition of (p; 2;), we have (3.23). □ 

The commutation relation (3.23) is also an elliptic analog of the trigonometric case in 
(2.22). Furthermore, we can show the following theorem by Wick's theorem. 

Theorem 3.8 (Relations of r]{p; z), ^{p; z) and (p^{p;z)). We define the structure 
function gp{x) as 

_^ %{qx)Qp{t-^x)Qp{q-Hx) 
' ■ %{q-^x)Qp{tx)%{qt-^x) ■ ^ ' 
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Then r](p; z), ^(p; z) and </? (p; z) satisfy the relations : 



[P^{p]z),^^{p]w)] = 0, cp^{p;z)(p'{p;w) = j^—j^j^(p~{p;w)(p^{p;z), (3.25) 

cp^{p;z)rj{p;w) ^ gp(^-f^^ ^^ri{p; w)ip'^{p; z), (3.26) 

V'^{p]z)i{p;w) = gp(^-f^^^^ i{p]w)ip^{p]z), (3.27) 

r){p;z)r){p;w) ^ gp(^^^vip;w)r){p; z), (3.28) 

e(p;^)e(p;ti^) = ^7p(^)~'e(p;^^)e(p;^), (3.29) 

(3.30) 



Proo/. Relations (3.28) and (3.29) follow from (3.15), (3.18). By the definition of 
(p^{p; z), they take forms as follows : 



(p~^{p;z) 

^ n>0 ^ ^ n>0 ^ 

(3.31) 

ip-{p; z) 

(3.32) 



By these expressions, the relation [ifi^{p; z),ip^{p;w)\ = is trivial. Next we show the 
relation (3.25). Here we can check that gp{x) takes the form as follows : 



(i-?")(i-r")(i-72") (i-g")(i-r")(i-72")x" 



exp 



y i^-^ n^-^ n^- r exp V 



(3.33) 



3.2 Operator (f){p] z) and elliptic currents r]{p; z), ^{p; z) and (p'^ip; z) 
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We can also check gp(x ^) = gp{x) ^. Prom these facts, we have the following : 

<^+(p; z)ip'{p;w) 

V^^o^"^"" ^~ P (gt-ip)"* l-t"^ m{-m) J 

X exp f y - 1:1^(1 _ -m/2 - p"') ^ ~ ^'^/''^"' ^ 



1 — p"* m 

m>0 ^ 



X 



expl 1_ ' ^(7"^-7 {p;w)cp+{p;z) 

^ m>0 ^ ^ 



Next we show the relations (3.26). By Wick's theorem, we have 
z)r]{p] z) 

" 1 -p"* ^ ^ ^ l-p"'^ ^ {qt-^p)"" 1 - t"^ m{-m) J 



X exp ( - 2^ f— 7 ^ lr;(p;w)<^+(p;^) 

^ m>0 ^ 

= ^p(7"^^^^) v{P]w)(p+{p]z) = gp(i^'^^ri{p;w)ip'^{p\z). 
Similarly, we have 
r]{p-w)^-{p]z) 

= exp f E i^p-i^p-d - 7--)7""^ ■ ^-""('"Ar) 

V;^l-P"' ' (qt-^p)'^ 1 - 1"^ m{-m) J 



m>0 



^ exp f y (i-n(i-^-)(i-7^-) 

V 1 — m 



X 



exp( -JJ^ ^7 ' ip;zHp;w) 

m>0 ■'^ 



= «/p(7 ^^^^) {p;z)ri{p;w). 
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3 ELLIPTIC DING-IOHARA ALGEBRA 



Consequently we have </?^(p; z)'r)(p; w) — gpl^j"^^ —^ri{p; w)ip^{p; z). 

Finally we show (3.27). Similar to the above calculations, we have the following : 

^ exp r - y - ^--)W^i^.->- . ^ l-,-{zM- \ 

V ^l-p'" l-p"* ' ^ ^ ^ 1 - 1"^ m(-m) y 

X ^{P]w)(p^{p; z) 

^ exp f - y (i-g"^)(i-^-"^)(i-7^-) ^^„,-w2(^/^y 

V 1 — p™- m 

^ m>0 



(i-g"^)(i -r™) (1-72™) ,2(^/2)™ V, , , , , 

^ m>0 ^ ^ 

^ 9p(l^^^-)^{p;w)ip''ip;z) ^gp(^-^^^-\ ^{p;w)(p''{p;z), 

^{p;w)ip-{p; z) 

= exp r - y - . ^ l-g-(W^r \ 

V ^ 1 - ' 1 - ^ ' ^ ' (gt-ip)™ 1 - m(-m) / 

X exp f - y - f-)^-/2 . ^(1 _p-)W:!i£/!<:^ 

(1 _ _ _ ^''^) i^{wlzl 



^ m>0 ^ 

^ m>0 ^ 

= 9v (7^^^ ~) (^^; ^MivM- 

Therefore we have </?^(p; = 5'p^7^^— j -^)) here the proof of the 

theorem is complete. □ 

3.3 Elliptic Ding-Iohara algebra U{q^t^p) 

After the theorem 3.8, we can define the elliptic Ding-Iohara algebra. 

Definition 3.9 (Elliptic Ding-Ioheira algebra U{q,t,p)). Let gp{x) be the structure 
function defined by (3.24) : 

_ Qp{qx)Qp{t~^x)Qp{q~Hx) 

^^^^^ ~ ep{q-^x)%{tx)ep{qt-^xy 
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Let 7 be the central, invertible element and currents x^{p; z) := Ylnez ^n{p)^ '4'^{P'i ^) '■— 
Snez V'n (p)^ "^ be operators subject to the defining relations listed below. 

[^^{p]z),ip^{p\w)] = 0, '4)^{p\z)'4)-{p\w) = ^ tl)~{p;w)^^{p;z), 

9p{l z/w) 

ip^(p;z)x^{p;w) = gp(^j^^^^^x^{p;w)2p^{p;z), 
ip'^{p;z)x~{p;w) ^gp(^-f^^^^ x~{p]w)il)^{p]z), 
x^{p;z)x^{p;w) = g^f—) x^{p;w)x^{p; z), 



[x^ip; z),x-(p; w)] = (|^^|^ {^^f I'^'n.) - S {r'^)rip; T"^/^-) }■ 

(3.34) 

Then we define the elliptic Ding-Iohara algebra U{q, t,p) to be the associative C-algebra 
generated by {x^(p)}n6Z, {V'n (p)}nez and 7. 

Similar to the trigonometric case, the map defined by 

7 (g^~^)~^/^ x+(p; z) ^ r)(p; z), x~{p] z) ^ ^(p; z), jjj^(p; z) ^ ip^(p; z) 

gives a representation, or the free field realization, of the elliptic Ding-Iohara algebra 
U{q,t,p) (Theorem 1.2 in section 1). 

Remcirk 3.10. (1) By the definition, the trigonometric limit p — > of the elliptic Ding- 
Iohara algebra U{q, t,p) degenerates to the Ding-Iohara algebra U{q, t). 

(2) Since the relations (3.34) take the same forms of the trigonometric case (2.23), we 
can define the coproduct A : U{q, t,p) U{q, t,p) <S>U{q, t,p) similar to the trigonometric 
case : 

A(7±^) =7±^®7±\ A{^^{p;z))^^^{p;^f,]^'z)^^^{p;^l]/'z), 
A(x+(p; z)) = x^{p; z)(^l + ip'{p; 7(Yf ^) ® x'^iP', l(i)z), 

A{x~{p] z)) = x~{p] 7(2)^) (8) i>^{p] 7(2^)^^) + 1 ® ^~(P; (3-35) 

(3) In [17], another eUiptic Ding-Iohara algebra is defined based on the idea of the 
quasi- Hopf deformation. Then the same structure function defined by (3.24) arises. 



4 Free field realization of the elliptic Macdonald op- 
erator 

In this section, we study the relations between the elhptic current 77 (p; z) and the elliptic 
Macdonald operator H^i^q, t,p). Similar to the trigonometric case, we consider 1) a direct 
rewriting of 'r){p; z), 2) the action of r]{p; z) on the kernel function. 
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4.1 A direct rewriting of r]{p; z) 

The elliptic Macdonald operator Hi^{q,t,p) {N e Z>o) is defined as follows. 



First, we need a lemma to calculate the constant term of a product of the theta functions. 

Lemma 4.1. (1) We have a partial fraction expansion formula of the product of the theta 
functions as follows. 

l\ Qpix.z) Qpit^) ^ Qpix^z) y ep{x,/xj) ■ ^ ■ > 

(2) From Ramanujan's summation formula : 

{a\p)n ^n ^ {az;p)oo{p/az;p)^{b/a;p)^{p;p)^ (|a"^6| < b| < 1) (4 2) 

^ {b;p)n {z;p)oo{b/az;p)^{p/a;p)^{b;p)^ 

we have an expansion of Qp{az)/Qp{z) as follows : 

Y^T^n (N<N<i)- (4-3) 



Qp{az) Qp{a) sr^ z''' 



Proof. (1) In the partial fraction expansion (6.19) in Appendix B as 

1^ Qp{tix:['^z) _ ^ Opitj) Qp(t(^N)Xi^z) yr %{tjXi/xj) 
l\ Qpixr'z) ~ Opit^N)) Opixr'z) j}. Qpix^/xj) ' 

by setting tj = t^^ and substitution Xj — )■ xj-^, we obtain (4.1). 

(2) In Ramanujan's summation formula (4.2) (the proof of this formula is in Appendix 
B), by setting b/a — p we have 

(Left hand side of (4.2)) = V = (1 - a) V ^" , 

(Right hand side of (4.2)) = ("^^ p)^(pM"^ P)L ^ {1 - a){p;p)lQp{az) ^ ^ 

{z]p)oo{pz]p)oo{pa~^]p)oo{pa]p)oo ©p(a) Qp{z) ' 

Remark 4.2. Using the equation (6.19) and the relation between the theta function and 
the delta function, we have the following : 

QpjtjX-^z) _ A Qp{ti) T-r QpjtjXj/xj) -1 X TT Qp{t7^Xi/z) 

Qpix-h) -2^^ip;py^n Qp{x./x,)'^''^ + e,(a;./.) 



E&p{ti) Yj 'S>pitjXi/xj) _i , Yj 'S)piptiX^^z) 



4.1 A direct rewriting of r]{p] z) 
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where we use the relation l/0p(p,x) = 1/Qp{x Taking the constant term of the above 
relation in we have the identity as follows. 



N 



1 = 1 jy^i ^ 



3 



Using this lemma, we can show the following theorem. 



■ N 

n 



(4.4) 



Theorem 4.3 (Free field realization of the elliptic Macdonald operator (1)). 

With the identification of bosons (3.11), (3.12), the elliptic current r](p; z) and the elliptic 
Macdonald operator HN{q,t,p) enjoy the relation : 

[r){p;z)-t-''{r){p;pz))4ri{p;z))^l = ^ H^{q,t,p). (4.5) 



/oo 



Proof. Setting a„ = Pn{x), bn{x) — Pn{x) {n > 0) and from the lemma 4.1 (1), we 
have 



Using the relation of the theta function and the delta function as 

1 xr^z-^ 1 ^. . 

+ ^ / -1 TT = 7 T^d{XiZ), 



Qpixiz) ep{xi ^z-^) ip;p) 



3 
oo 



then we have 



ivip; -))- = '"T^'T^^ E n ^^ff^^ ^(x..) 



Qpjt) ^ -p-r Qp{tXi/Xj) X^'^Z ^Qpjt ^XjZ) 



^-^+^e,(t-^) ^ ^ e,(tx./.x,) 



By using the lemma of the partial fraction expansion again, we have 
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By this relation, r](p; z) takes the form as 

r){p;z) = {ri{p; z))^{r]{p; z))+ 



(4.7) 

where we use the relation {ri{p; z))^ 12,^3,-1= Tg^xi- By using the relation in (3.21) as 
l/Qpipx) = 1/Qp{x~^), we have 

i=i 

Finally we have the following : 



J^^Y.\{^'^^^(-^^)T.^^^ (4-8) 



Vl{P]z) - f-^ {ri{p;pz))_{ri{p; z))+]i = ^ HNiq,t,p). □ 



{p;p) 



3 
00 



4.2 Action of 77 (p; z) on the kernel function 

With the isomorphism (0|l^(x) : T ~ Ajv(g,i,p) i->- (0|l^(x)|i')), we can identify the 
vector IljLi l/yOlO) ^he elliptic kernel function Il{q,t,p){x,y). Hence we can use 
this identification to study relations between rj^p; z) and the elliptic Macdonald operator 
HN{q,t,p). In fact, calculation of the action of r]{p;z) on Y[f=i4>{P]yj)\^) gives us the 
following theorem. 

Theorem 4.4 (Free field realization of the elliptic Macdonald operator (2)). The 

elliptic current r}{p; z) reproduces the elliptic Macdonald operator HN{q,t,p) as follows : 

N 

[rj{p; z) - r^(77(p; z)Urjip;p-'z)Ul JJ 4>{p; x,)|0) 

N 



Q ' Hr,{q,t,p)Yl<P{p;x,m. (4.9) 



Proof. First, we show the relation 



V{P; z)(p{p] w) = Q^^^J^jl-^ • V{P; z)(p{p] w) : . (4. 10) 



4.2 Action of r]{p; z) on the kernel function 
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This is shown by Wick's theorem : 

ri{p; z)(t){j>; w) 



El — L 

n-1 \n ^ 



— exp — > p -. T-, r • m 



'm>0 



(1 - gf"^)(l - p"^) {qt-^-pY 1 - • m 



X exp - > — ^ -"^ 1 -V — : WmwM ■ 



m>0 ' »ra>0 

{pz/w;p)oo iw/z;p). 



{t ^pz/w;p)^ {tw/z;p), 
Qp{w/z) 



: r){p;z)(j){p;w) : 



By this relation, we have 

AT ^ n ( / ] ^ 

r)ip; z) n cj>{p-, X,) = n eCfty = "f^P'^ ^) n '^(^'; = ■ (4.11) 

j=l 1=1 1-1 I 

Using (3.19) and (4.1), we can check the following relation 

n Q^iXijz) ^ t ^+^9p(t ^) ^ T-r Qp{tXi/Xj) f,Xi\ TV TT 0p(^/^i) 



\Qp{tXi/z) {p;p)lo i^j^i^piXi/Xj) \ zJ ^J^%{t-H/Xi)' 

By these relations we have the following : 

nip; z) n ^,) io) = n qTiI^Zm ^'' n ^^^p-^ 

j=l i=l ' j=l 

- '~T^i'"^ E n off'^ (^(^' ^^^))- n '^(^^^ io) 

Ztj^i^pixi/xj) \ zJ jji^ 

+ n er(V-wx.) ''''p- n -i)!") 
^^^it^Ent|g<'?)-..n^(.-.)io) 

where we use the relation {ri{p;tz))-4>{p; z) = 4>{p;qz) = Tq^z<P{p]z). Let us recall the 
relation 1/Qp{px) = l/<dp{x^^). This leads that 

Qp{z/xi) _ -A- Qp{pxi/z) 



I Op(t ^z/xi) ji^Qp{ptXi/z)' 
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Hence we have the following. 

AT , , . N N 

n e'a-QL) n ^(P-^ |o) = {v{p;z)Uvip;p-'z)hl[<p{p;xj)\o). (4.i3) 

i=l / */ j—i j—i 

Finally we have 

N 

[ri{p; z) - r^{r]{p; z))-{r]{p;p~^z))+]i Xj)\0) 



HN{q,t,p)ll(j){p;xj)\0). D 



{p;p)lc 



Remark 4.5. Let us define Cat (p; y) := {0\Vp{x)[{ri{p; z))^{rj{p;p ^^))+]i H^i ^(P; %)|0)- 
By Wick's theorem, we have 



CNip;x,y) 



l\ %{xiz)%{t~H/yi) 



(4.14) 



By the relation (4.3) which is obtained from Ramanujan's summation formula, the explicit 
form of Cjv(p; X, y) takes the following : 

^/ _ / r^+^ep(r^) y ^ ^-r ep(tej/3;j) -j-r Qp{tyk/yi) ^ {tpxjykT 

i<fe<Ar 

(4.15) 

In the trigonometric limit, CN(p;x,y) degenerates to 1 : Cj^{p]x,y) > 1. 

4.3 The case of using ^(p; z) 

Instead of using ri{p;z), we can carry out similar calculations by using i{p;z). Then we 
have the following theorem. 

Theorem 4.6 (Free field realization of the elliptic Macdonald operator by 

Cip',z)). (1) With the identification of bosons (3.11), (3.12), the elliptic current ^{p]z) 
and the elliptic Macdonald operator H]s[{q~^,t~^,p) enjoy the relation : 

fN-lf^ (f) 

[e(p;^) -t^(e(p;p^))-(e(p;^))+]i = , H^{q-\t-\p). (4.16) 

(2) The elliptic current ^{p-, z) reproduces the elliptic Macdonald operator Hj^{q~^,t~^,p) 
as follows : 

N 



[ap;z)-t''iap;z)Uap;p-'z)UhllHp;xj)\o) 



i=i 



= -j^^H^{q-\t-\p)l[Hp;^M- (4.17) 

The proof of the theorem 4.6 is similar to the theorem 4.3, 4.4. 



4.4 Another forms of the theorem 4.4, 4.6 
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4.4 Another forms of the theorem 4.4, 4.6 

Let us introduce the zero mode generators ao, Q satisfying the following : 

= K,ao] = [6n,ao] = 0, K, Q] = Q] = (neZ\{0}). (4.18) 

Here the parameter /3 G C is defined by the condition t — q^. For a complex number a, 
we define \a) := e"'^|0). Then we have f3ao\a) = a\a). 

By using the zero modes, we can reformulate the free field realization of the elliptic 
Macdonald operator as follows. 

Theorem 4.7. SetT]{p;z) := {r]{p; z))_{r]{p;p-^z))+, ^{p; z) := {^{p; z))^{^{p;p-^z))+. 
We define operators E{p;z), F{p;z) as follows : 

Eip; z) := viP; z) - vip; z)q-^'^°, F{p; z) := ^(p; ^) - ^(p; '2)/"°- (4-19) 

Then the elliptic Macdonald operators HN{q,t,p), H]sf{q~^,t~^,p) are reproduced from the 
operators E{p;z), F{p;z) as follows : 

[E{p;z)],ll<P{p;x,)\NI3) = ^ Hr,{q,t,p)l[<P{p;xj)\N(3), (4.20) 

j=l [PtPJoo j^l 

[Fip;z)ll[<f>ip;xj)\NP) = ''f' Hr,iq-\t-\p)l[<f>ip;xj)\NP). (4.21) 

5 Some observations and remarks 

To end this paper, we indicate what remains unclear or should be clarified and give some 
comments on concerned materials. 

5.1 The method of elliptic deformation 

Looking at the construction of the elliptic currents such as ri{p;z), i{p;z) again, we can 
define a procedure of the elliptic deformation as follows. 

Definition 5.1 (The method of elliptic deformation). Suppose X{z) be an operator 
of the form 

X{z) = exp r J] X-a^z-A exp f J] X^a^z'A , 

^ n<0 ^ ^ n>0 ^ 

where {an}nGZ\{o} are boson generators which satisfy the relation : 

1 _ g|m| 

Then the method of elliptic deformation is a procedure as follows : 
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(Step 1). Change boson generators into the ones satisfying the relations : 

I — q\m\ I — p\m\ I _ q\m\ 

[am, an] = m(l - P'"') ^ _ '^m+n.O, [bm, bn] = ^ (g^-lp)H 1 _ ^wo, 

[am: bn] = 0. 

(Step 2). Set X{p; z) :— Xj,{p; z)Xa{p; z), where 
X,{p- z) exp ( - J] -^^XZnbnzA exp ( - J] , (5.1) 

^ n<0 ^ ^ ^ n>0 ^ 



X„(p; ^) exp ( ^ ^-i^^-a^^-") exp [ J] -^X+a^z""] . (5.2) 

^ n<0 ^ ^ n>0 ^ 



5.2 Commutator of operators E{p\ z), z) 
In section 3, we showed the proposition 3.7 as 

Since [(^"""(p; 2;)]i 7^ [(/^"(p; 2;)]i, we have [[?7(p; ^)]i, [^(Pj '"^)]i] 7^ 0- Compared to this, 
operators E{p\ z), F{p; z) defined in (4.19) satisfy the following. 

Proposition 5.2. (1) For operators E{p;z), F{p;z) we have 

E{p-z)E{p-w)^gp[^)E{p-w)E{p-z), (5.3) 

F{p-z)F{j)-w)=gp(-) 'f{p;w)F{p;z). (5.4) 
(2) The commutator of operators E{p; z), F{p; z) takes the form as 



[E{p-z),F{p-w)] 



%{q)Q,{t-^) / w 



(p;p)^e.(,.%n^7j^^^^^^^^^^-)-^^(-^^^^^--^-)>- (^•^) 

Proof. (1) Here we are going to show (5.3). First we can check the following : 

ry(p; .)^(p; w) = I'^^^l"/^^^^^^^ = rj{p- z)^{p, w) :, (5.6) 

~f f ^ Qp{w/p-^z)Qp{qt-^w/p-^z) 

= QM^/p-^z)%{t-hn/p-H) = 

From them we have 

r]{p;z)r]{p;w) ^ gp(-)r]{p;w)r]{p; z), (5.9) 
ri{p;z)r]{p;w) ^ gp{^^r]{p]w)r]{p]z), (5.10) 
r}{p;z)r}{p;w) = gp(^^^r}{p;w)rjip; z). (5.11) 



5.2 Commutator of operators E{p; z), F{p; z) 
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Hence we have the following. 

E{p; z)E{p; w) = {ri{p; z) - 7j{p; z)q-^''°){ri{p; w) - ^{p; w)q-^'"') 
= Tjip; z)rj{p; w) — ri{p; z)rj{p; ■u;)g^'^"" — rj{p; z)rj{p; w)q^^^"'° + rj{p; z)rj{p; w)q~^^"'° 

= Qp {v{P', w)r]{P', - V{P', w)rj{p; z)q~^'^° - r}{p; w)r){p; z)q~'^''° + rj{p; w)rj{p; z)q~'^^'^°) 
^ Sp[^)e{p;w)E{p;z). 

(2) Let us recall the relations shown in the proposition 3.7 as 

/ ^ Qp{qiw/z)ep{q-^-f-hv/z) 

6^(7^/^)6^(7 ^w/z) 

Up; w)r]{p] z) = — — — , , _^ , . •■ v{p; w) : . 5.13) 

6p(72;/w)6p(7 ^z w) 



We define A{x) as follows : 



^^"^ - 6,(7x)e,(7-x) ■ ^'-''^ 



Then we have 

E{p; z)F{p- w) = ir]ip; z) - vip; z)q-^''^>mP; - ^(P; ^)/"'') 

= ^(^) : v{p;z)^{p;^^) •■ -^(7) = v{p;z)^{p;w) • 

- A (-!^] : ?i{p; z)i{p; w) : + A (^-^) : ?j{p; z)^{p; w) : 



-A(-): ?j{p; z)i{p- w) : q'^"^ + ^ (-) = v{P\ z)i{p] w) :, 

Fip; w)Eip; z) = {i{p; w) - l{p; w)q^''")ir]ip; z) - Tjip; z)q-''^^>) 
--A(-): riip; z)i{p; w) : - a(-) : ?j{p; z)i{p; w) : q-'^"" 



-A(^^) :n{p;z)^{p;w):q^''° + A(^^) : r){p; z)C{p;w) : 
\p ^w/ \p ^w/ 

^a(-): r){p; z)i{p; w) : -A(-) : ?jip; z)i{p; w) : q-^'^ 

-A(^) :77(p;^)e(p;«;) : v{p; z)^{p; w) : . 

Here we use the relation A{px) = A{x~^). From them we have 

[E{p;z),F{p;w)] = I ^(^) - ^(~) [(= v{p;z)C{p;w) : - : rj{p; z)C{p; w) :). 



Let us recall that 



A{x) - A{x-') = ^^^^^^^{SM - 5(7-^}. (5.15) 
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Using the relation we have 

[Eip; z),Fip;w)] 



Then we have : 77(p; 7ty)^(p; ty) := (p; : 77(p; 7"''^iy)C(p; '"^) V~{v\ 7~^'^^ty) and 

also have 

: rj{P'nw)^{p;w) : = (/^(p; 7w))_(C(p; w))_(r;(p; 7p-^w))+({(p;p-^w))+ 

: r/(p;7"^w^)C(p;w^) : = {v{p;i~^w))_{^{p;w))_{rj{p;-f'^p'^w))+{^{p;p~^w))+ 
= ^~{p\T^''^w). 

Therefore we have (5.5). □ 

Remark 5.3. From the relation (5.5), we have the commutativity of constant terms 

[E{p]z)]i, [F{p;z)\i : [[i?(j9; 2;)]i, [F(p;-u;)]i] = 0. This corresponds to the commutativity 
of the elliptic Macdonald operators as [HN{q,t,p), HN{q~'' ,t~^ ,p)] = 0. It seems that for 
the free field realization of the elliptic Macdonald operator, we should use the operators 
E{p; z) and F(p; z). 



5.3 Perspectives 

In this paper, we have considered an elliptic analog of the Ding-Iohara algebra and a 
possibihty of the free field realization of the elliptic Macdonald operator. In the following, 
we mention some ideas which can be cultivated in the future. 



5.3.1 Elliptic g-Vircisoro algebra, elliptic q-Wn algebra 

As we have shown, starting from the elliptic kernel function T{{q^t^p){x^y) we can con- 
struct the elliptic currents rjip; z), ^{p; z) and ^^{p\ z) which satisfy the relations of the 
elliptic Ding-lohara algebra. Furthermore we obtain the procedure of making elliptic cur- 
rents, namely the method of elliptic deformation. Actually, we can apply the method of 
elliptic deformation to the free field realization of the g-Virasoro algebra, consequently an 
elliptic analog of the g-Virasoro algebra arises. Similarly, we can also construct free field 
realization of an elliptic analog of the q-W^ algebra. In a near future, we would like to 
report these materials as the continuation of the present paper [26] . 



5.3.2 Research of elliptic Macdonald symmetric functions 

To construct an elliptic analog of the Macdonald symmetric functions (in the following, 
we call it the elliptic Macdonald symmetric functions for short) is required for good un- 
derstanding and research of some materials, for example the elliptic Ruijsenaars model [1] , 
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the superconformal index [22] [23] [24], etc. To construct the eUiptic Macdonald symmetric 
functions, there would be a possibihty to have an elhptic analog of the integral repre- 
sentations of the Macdonald symmetric functions. The integral representations of the 
Macdonald symmetric functions tells us that the Macdonald symmetric functions can be 
reproduced by the kernel function Il{q, t){x, y) and the weight function A(g, t){x) defined 



and the "seed" of the Macdonald symmetric functions [9]. The seed of the Macdonald 
symmetric functions are monomials. As is seen in the previous sections, we already have 
the elliptic kernel function Il{q,t,p){x,y), and the elliptic weight function A{q,t,p){x) is 
also known [13] : 



But we don't know what is the seed of the elliptic Macdonald symmetric functions, i.e. 
the most simplest and nontrivial eigen functions of the elliptic Macdonald operator are 
not known. Therefore to construct an elliptic analog of the integral representations of the 
Macdonald symmetric functions is not accomplished. 

On the other hand, it is known that the singular vectors of the g'-Virasoro algebra 
and the q-Wn algebra corresponds to the Macdonald symmetric functions [10] [11] [12]. 
Perhaps there would be a way to make the elliptic Macdonald symmetric functions from 
the elliptic analog of the g-Virasoro algebra. In the continuation paper [26], we construct 
an elliptic analog of the screening currents of the g-Virasoro algebra, and a correlation 
function of product of the elliptic screening currents reproduces the elliptic kernel function 
Il{q,t,p){x,y) as well as the elliptic weight function A{q,t,p){x). But as we mentioned 
above, an elliptic analog of the integral representations of the Macdonald symmetric 
functions is not obtained yet. 

Acknowledgement. The author would like to thank Koji Hasegawa and Gen Kuroki 
for helpful discussions and comments. 

6 Appendix 

6.1 Appendix A : Boson calculus 

In this subsection wc review some basic facts of boson calculus. 

Proposition 6.1. Let A be an associative C-algebra. For A e A, we set the exponential 
of A denoted by as follows. 



by 



A{q,t){x) 



{xi/xj;q), 
{tXi/xj;q) 



oo 



oo 



A{q,t,p){x) =11 





n>0 



Then for A,B & A, the following holds : 



where we define ad(A)B := AB — BA. 
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Proof. Let us define F{t) := e*^Se-*^ (teC), then we can check the following : 

^F{t) |,=o= ^d{ArB {n > 0). 
By the Taylor expansion of F{t) around t — 0,we have 

n>0 n>0 

Prom this expression of F(t), we have F(l) = e^Se~^ = e^^^^S. □ 

By this proposition, we have e^e^e~'^ = exp(e'^'^''"^^i?). Then the corollary holds. 
Corolleiry 6.2. For A,BeA, if [A, B] e C we have the following : 

This corollary is essentially the same as Wick's theorem which we use frequently in 
this paper. 

Next we are going to prove Wick's theorem. First we set an associative C-algebra 
denoted by B which is generated by {an}„gz\{o} and the defining relation : 

[am-,an] = A{m)5m+n,Q {A{m) e C). (6.1) 

1 - 

We call this type algebras bosons. For example, if we choose A{rn) = m- — then 

1 - gl""! 

[am, an] = rnY—^Sm+n,o, (6.2) 

where this is one of the algebra of boson used in this paper. We define the normal ordering 
: • : by 

j a^a„ (m < n), 
[a„a^ [m>n). 

For {Xn}n&z\{o} {Xn G C), wc sct X{z) E B® C[[z, z~'^]] as a formal power series by 

We define the plus part of X{z) denoted by {X{z))^ and the minus part of X{z) denoted 
by {X{z))^ as follows : 

{X{z))+ := J] X,an^-^ {X{z)). := J] X^a^z-^. (6.4) 

n>0 n<0 

In this notation, we have 

: exp(X(^)) exp((X(^))_) exp((X(^))+). 
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Proposition 6.3 (Wick's theorem). For boson operators X{z) G B^C[[z,z ^]] and 
Y{w) e B®C[[w,w-^]], if[{X{z))+, e C[[{w/z)]] exists we define {X{z),Y{w)) 

by 

{X{z),Y{w)):^[{X{z)U,{Y{w)U. (6.5) 

Then we have 

: exp(X(^)) :: exp{Y{w)) := cxp{{X{z), Y{w))) : exp(X(^)) cxp{Y{w)) : . (6.6) 

As an example of how to use Wick's theorem, we consider the boson algebra (6.2) and 
define r){z) by 



rj{z) exp ( - J](l - t"W^) 



Let us show the following : 



{1 -w/z){l - qt ^w/z) , X , X 

r)(z)r)(Wj — -— — -— : r)(z)rj(w) : . 

^ ' {1 - qw / z){l - t-^w / z) ' 



By Wick's theorem, we have 



r]{z)r]{w) = exp J] J](l - r)(l - r)K, a„]^^^^ : r]{z)r]{w) : 

^ m>0 n<0 ' 

(1 |77T-[ — Tfl — ft \ 

j;5^(i-n(i-nrnY^w^^ :^(-)^h = 
m>0 n<0 ^ 

= exp J:(i - r)(i - ^-'")-Y3|;7;;^ = ^(^)^(-) = 

exp ( - E(l - r)(l - r'-)i!^^') : ^{z)^{w) : 

: r]{z)rj{w) :, 



m>0 

(1 — i(;/2;)(l — qt~^w/z) 



{1 — qw/z){l — t ^w/z 

— (|a;| < 1). 

n>0 

6.2 Appendix B : Some formulas 

In this subsection, we show some formulas which are used in this paper. 
6.2.1 Ramanujan's summation formula 

We show Ramanujan's summation formula which is used in section 4. As a preparation, 
we show the g-binomial theorem. In the following, we assume that the base g e C satisfies 
\q\ < 1. Let us define 

(x;qU:^ll(l-xq^), (x;g)„:= (neZ). 
n>o 
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Proposition 6.4 (g'-Binomial theorem). For a e C, the following holds : 

{az;q)oo _ ^ {a;q)n 

n>0 

Proof. First, we expand (a-z; ?)oo/(^; ?)oo as follows : 

Therefore what we have to show is c„ = (a; (g; Then by the equation 

{aqz; g)oo _ 1- z {az; q)oo 
{qz;q)oo I - az {z;q)oc, ' 

we have the following : 

n n—1 

1 — 

By using this relation repeatedly, we have 

1 — ag""-*^ 1 — ag""^ 1 — a (a; g)„ 
1 - 1 - g"-i 1 - (g; g)n'^°' 

Then cq — 1, hence we have c„ = (a; g)„/ (g; g)„. □ 

In the g-binomial theorem, setting a = we have 

t\- = T^^"- (6-7) 

Similar to the proof of the g-binomial theorem, Euler's formula is shown : 

(^'g)- = E /'^ (6-8) 

n>0 

Before giving the proof of Ramanujan's summation formula, we show Jacobi's triple 
product formula by using Euler's formula and the g-binomial theorem. 



Proposition 6.5 (Jacobi's triple product formula). 

i(n-l) 

-lyz-q - 

neZ 

Proof. First, we rewrite {z; g)oo as 



{q; q)oo{z; q)oo{qz-'; g)oo = J^i-lTz^q"^. (6.9) 



n(n— 1) ... 



n>0 v^'^z" „>o 



— ^ E(-l)"?'^(?"^'; ?)~^" (■•■ For n < 0, (g"+^ g)oo = 0). 



nez 
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Furthermore, by applying Euler's formula to {q"''^^; q)oo we have 



r (r— 1) 



1 n(n-l) (—1)^(7 2 



r>0 



r>0 



L ^ — > X 1 V — ^ I I (n+r)Cn+r— 1) 



Then by substitution n ^ n — r, we have 

Finally we have the following : 

{q; q)oo{z; q)oo{qz~^] q)oo = J^l-l)"^"?"^. □ 

nez 

Jacobi's triple product formula means that 



n(n — 1) 
2 



nGZ 



Next let us prove Ramanujan's summation formula. We define the bilateral series 
1^1 (^;^) by 

Then we can check the relation 

(a; q)n = (1 - a)(l - ag) • • • (1 - ag*""^), 

n(ra+l) 

1 q '2 

(a; = _ _ _ _ _ _ = ^_^^nan^^^a; q)^ ^ 

By these relations, the series itpi be rewritten as follows : 

Therefore the series i^'i (^^' -^^ converges in \a~^h\ < \z\ < 1. 

Proposition 6.6 (Ramanujan's summation formula). For parameters a, 6 e C, the 
following holds : 

^{a;q)n n {az;q)oo{q/az;q)^{b/a;q)^{q;q)^ n -i^l ^ I I ^ 1^ 
'T^io;^;^ [Z]q)oo[o/az]q)oo[q/ci]q) 
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Proof. We are going to follow the proof due to Gasper and Rahman [4]. To prove this, 
we set 



as a function of b. We are going to show (6.11) by using a difference equation of f{b). 
First, we have 

(a; q)n (a; q) 



/ \ I \ ^ j {a^(l)n {a; q)n n\ n ST^ 



= (1 - V?) E tIt^^^" = (1 - V?)^-^ E 71^^ 



therefore the following relation holds : 

fib) - (1 - b/q)z-'f{q-'b) = a i^i Qqz) . 
Taking a substitution b — > qb, we have the following : 



f{qb) - (1 - b)z-'f{b) = aiV'i . 



Second, for a iipi ( ^ ; g^; ) , we have 



,^(a; g).(l-6g--l) ^^„ 



-a6-^(l-6)E7r%^" + «^"V(g&) 
nez 

-ar^(l-6)/(6) + arV(?&)- 



Therefore we have 



f{qb) - (1 - = -ab-\l - b)m + ab-'f{qb) ^ = _ 

By using this relation repeatedly, we have the following : 

m = 7ir-r#V/(o)- 

{b;q)oo{b/az;q)^ 
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Instead of /(O), we determine f{q). Then we have 

g-binomial 



/ \ / \ y-uiiiumiai / \ / -1 \ 

/(o). 



neZ n>0 



(?;?)oo(g/a^;g) 

Thus we have 

{az;q)oo{q/az; g)oo(g;g) 



/(0) = 



(-2; q)oo{q/a; q) 
Consequently, we have the following : 

^ (6; g)„ (^; q)oo{b/az; q)oo{b; q)oc,{q/a; g)oo ' 
6.2.2 Pcirtial fraction expansion formula 

Proposition 6.7 (Partial fraction expansion [17]). Let [u] {u G C) be an entire 
function which satisfies the following relations : 

(1) Odd function : [-u] = -[u], (6.12) 

(2) The Riemann relation : 

[x + z][x — z] [y + w][y — w] — [x + w] [x — w][y + z] [y — z] = [x + y] [x — y][z + w] [z — w]. 

(6.13) 

For N e Z>o and parameters qi, Q (1 < i < N), set C(jv) := X^^li Q- Then the following 
holds : 

TT N - + Cj] _ [cj] [u-qi + C(jv)] -|-|- [qi - qj + cj] 

i\ - <l^] U M [u - q^] l\ h -qj] - ^ - ' 

Proof. The proposition is shown by the Riemann relation and the induction ol N. In 
the case N — 2, we are going to show 

[u-qi + ci] [u-q2 + C2] 



[u - qi] [u - qi] 



[ci] [u-qi + C(2)] [gi -q2 + C2] ^ [cs] [u-q2 + C(2)] [^2 - + Ci] 



[c(2)] [u - qi] [qi - q2] [c(2)] [u - 52] - qi] 

By multiplying the both hand sides by [c(2)][m — qi][u — 52] [?i — ^2], the equation we have 
to show takes the form as follows : 



[c(2)] [gi - ^2] [u-qi + ci] [u-q2 + C2] 
= [ci] [u-qi + C(2)] [u - ^2] [qi - ?2 + C2] - [C2] [u-q2 + C(2)] - gi] [?2 - ?i + Ci] . (6.15) 
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Here we show (Right hand side of (6.15)) — >■ (Left hand side of (6.15)) by the Riemann 
relation. Then we define x,y,z,w by 

x + y = C(2), x-y = qi-q2, z + w^u-qi + Ci, z - w ^ u - q2 + C2. 

It is clear that (Left hand side of (6.15)) = [x + — y][z + w][z — w]. On the other 
hand, x, y, z, w are 

qi-q2 + C(2) q2-qi + C(2) 2u-qi-q2 + C(2) -qi + ?2 + Ci - C2 

X = z — —, y — z — —, z = —, w ~ . 

2 2 2 2 

hence we have 

(Right hand side of (6.15)) = [x + [y + z] [z — y][x — w] — [y — w] [x + z][z — x] [y + w] 

= [x + [x - z] [y + w][y — w] — [x + w] [x — w][y + z] [y — z] 



Riemann 
relation 



[x + y][x - y] [z + w][z - w], 



therefore (6.15) is satisfied. 

Next we suppose that the relation (6.14) holds for 3N > 2. Then in the case of A'" + 1, 
we have the following : 

N + l r 1 

jj [u-qi + Ci\ 



[u - qN+i + Cat+i] yt[u- qi + c, 



n 



[u - qN+i] fJi [u - qi] 
[u - gjv+i + cjv+i] [cj] [u-qi + C(jv)] y-j- [qi - qj + cj] 



[u - qN+i] [c(Ar)] [u - qi] i<^.<^_^.^, h - qj] 



N 



^ [cj] / [cn+i] [u - gjv+i + C(jv+i)] [qN+i - qi + C(jv)] 
hN)] I [c(iv+i)] [u - qN+i] [Qn+i - Qi] 

^ [c(Af)] [u- qi + C(Af+i)] [qi - q^+i + cn+i] \ yr [qi - qj + Cj] 

[c(iv+i)] [u-qi] h-qN+i] ) i<j<Nj^i h-Qj] 

_ [cn+i] [u - qN+1 + C(jv+i)] [cj] [qN+i -qi + C(jv)] -tt h - qj + Cj] 



[c(JV+i)] [u - qN+i] jri hN)] [gjv+1 - qi] ^<j<N^j^i " Qj] 



N 



^ [Cj] [m - gi + C(jv+i)] [qi - qj + Cj] 

Prom the hypothesis of the induction, we have 

[q] [Qn+i ~qi + C(Af)] -j-r [qi - qj + Cj] ^ -pr [qN+i - qj + Cj] 
^[c(iv)] [qN+i-qi] i^j^j^j^i h-Qj] j}^ [qN+i-qj] 
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Therefore we have 

[u-qi + Cj] _ [cn+i] [u - Qn+i + C(N+i)] yr [qn+i - Qj + Cj] 
fj^ [u-Qi] [c(N+i)] [u-Qn+i] j}^ [qN+i-Qj] 

N+l 



E jcj] [u-qi + C(jv)] -|-|- [qi-qj + c 



21 

thN)] [u-qi] i<^.<iii,^.^, [Qi-qj] 

then this shows that the relation (6.14) holds in the case of A?" + 1. By the induction the 
proof of the proposition 6.7 is complete. □ 

The proposition 6.7 is written by additive variables. Let us rewrite it by multiplicative 
variables. The theta function is defined by 

Proposition 6.8 (The Riemann relation of the theta function Qp{x)). For the 
theta function Qp{x), the Riemann relation holds as follows : 

ep{xz)Qp{x/z)Qp{yw)Qp{y/w) - Qp{xw)Qp{x/w)Qp{yz)ep{y / z) 

= ^Qp{xy)Qp{x/y)Qp{zw)Qpiz/w). (6.16) 

Sketch of the proof. For a; G C, we set f{x) as the ratio of the right hand side of 
(6.16) and the left hand side of (6.16) : 

N {y/z)ep{xy)Qp{x/y)Qp{zw)Qp{z/w) 

Qp{xz)ep{x/z)Qp{tjw)Qp{y/w) - ep{xw)&p{x/w)&p{yz)ep{y/zy ^ ' ' 

Then we can check f{px) = f{x) by the property of the theta function Qp(j)x) = 
—x~^Qp{x). Besides f{x) has no poles in the region \p\ < \x\ < 1. This shows that f{x) is 
bounded on C^. By the Liouville theorem f(x) is constant, i.e. the ratio (6.17) does not 
depends on x. Since the ratio (6.17) does not depends on x, we have f{x) — f{w) — 1. 
Therefore (6.16) holds. □ 

For a variable 2; e C, we define the additive variable u E C as z — e^"^*". In this 
notation, we set [u] as 

[u] := -z-^^^Qpiz). (6.18) 

Using this notation, the Riemann relation of the theta function (6.16) is rewritten to the 
form (6.13). Consequently, we have 

Proposition 6.9. Set z, Xj, tj {1 < j < N) by 

z := e''^'", Xj := e''^'*, tj := e^""'"^ , t(^) := t^t2 ■ ■ ■ t^v, 

where u, qj, cj (1 < J < N) are variable and parameters in the proposition 6.7. From 
( 6. 14 ), a product of the theta function is decomposed into the partial fraction as follows : 

^ QpjtjX-^z) Qpjtj) &p{t(N)X~^z) Qp{tjXi/xj) 

11 Qpixr'z) ^ Qpit^N)) Qp{x.'z) 11 %{xjx,) ' ^ " ^ 
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The theta function Op(x) satisfies Qp{x) > 1 — x. From the trigonometric hmit of 

(6.19), hence we have 

T-r 1 — tjXi z ^ \ - i — -I- ^(N)Xi ^ "TT ~ ('6 20'! 
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